The correlation energies ͑CEs͒ for the He-like ions are studied with the virtual-pair approximation ͑VPA͒ and with the no-virtual-pair approximation ͑NVPA͒. In contrast to the nonrelativistic CEs, the CEs calculated with relativity fell sharply as the nuclear charge Z increased, although the CE calculated with the NVPA was considerably lower than with the VPA for the heavier atoms. It is shown that CE calculated with a Hylleraas-type function implicitly includes the effects of the excitations into negative-energy states, which corresponds to the VPA. The present results verify that the strong dependence on Z of the CE of He-like ions is an essential effect of the relativity.
I. INTRODUCTION
The nonrelativistic correlation energy CE͑nonrel͒ is almost constant at −0.045 hartrees for He-like ion atoms heavier than 6 C, [1] [2] [3] [4] where CE͑nonrel͒ = TE͑nonrel:correlated͒ − TE͑RHF͒, ͑1͒
and TE͑correlated͒ and TE͑RHF͒ correspondingly denote the total energies ͑TEs͒ calculated with electronic correlation included and with restricted Hartree-Fock ͑RHF͒. In contrast, the relativistic correlation energy CE͑rel͒, CE͑rel͒ = TE͑rel:correlated͒ − TE͑DF͒, ͑2͒ depends strongly on the nuclear charge Z, where DF denotes a Dirac-Fock calculation. Pestka and Karwowski 5, 6 showed, using the Hylleraastype configuration interaction ͑CI͒ method, that CE͑rel͒ has a minimum of −0.046 hartrees at 20 Ca, a maximum of −0.045 hartrees at 68 Er, then decreases rapidly. It reaches −0.063 hartrees for the atom having Z = 116. They first suggested that this curious behavior of CE͑rel͒ arises from a small numerical error in calculating the Hamiltonian matrix elements, which might violate the condition for HylleraasUndheim-McDonald theorem. 7, 8 They also pointed out that Hylleraas-type functions do not satisfy kinetic balance conditions needed to guarantee the boundary properties of the Hamiltonian matrix. 9, 10 Multireference-DF ͑MRDF͒ spinors are considered to satisfy kinetic balance, giving no artificial error in solving the Hamiltonian eigenvalue problem. Recently, Pestka et al. 11 have shown that the CE͑rel͒ value given by MRDF ͓denoted as CE͑MRDF͔͒ has the same tendency as the Hylleraas-type CI, CE͑Hylleraas͒. By using near-complete basis sets of s, p, d, and f primitive Gaussiantype functions ͑pGTFs͒ and positive-energy spinors in the Dirac-Fock-Roothaan ͑DFR͒ method, Watanabe and Tatewaki 12 also investigated CE͑rel͒ ͓denoted as CE͑NVPA: spdf͔͒. Here we call the correlated calculation with positive-energy spinors the no-virtual-pair approximation ͑NVPA͒ or simply the no-pair approximation, [13] [14] [15] [16] [17] [18] and call the correlation calculations using both positive-and negative-energy spinors the virtual-pair approximation ͑VPA͒ or simply the pair approximation. Two calculations 11, 12 with NVPA confirmed the results of the earlier investigations by Pestka and Karwowski. 5, 6 However, it was found that CE͑NVPA: spdf͒ and even CE͑MRDF͒ exceed CE͑Hylleraas͒ in some heavier atoms; for example, CE͑NVPA: spdf͒ overtakes CE͑Hylleraas͒ at 38 Sr.
In the present paper, we clarify why CE͑NVPA: spdf͒ and CE͑MRDF͒ surpass CE͑Hylleraas͒. Since the s-, p-, d-, and f-CI 12 calculation was considered to be near to the CI limit in the NVPA, we added to this CI space the configuration state function ͑CSF͒ which includes the excitations into negative energy, which is equivalent to the VPA. We shall see that removal of the NVPA is crucial in considering the correlation effects in He-like ions, suggesting the need to reconsider the NVPA in the treatment of molecules including heavy atoms.
In DFR calculations we performed self-consistent-field calculations under the use of the Dirac-Coulomb Hamiltonian and the basis sets for the large and small components, and then throw out the lower half solutions including the negative-energy spinors. We performed a similar treatment in the CI calculations: first, we perform the full CI calculation for two particle state under the Dirac-Coulomb Hamiltonian, using all the basis sets for the large and small components.
Then we throw out the solutions including the negativeenergy spinors and get the correlated states including the positive-energy spinors. In the present case the TE dependence on the choice of the external potentials found in NVPA disappears. 19, 20 The effects from the negative sea is beyond the scope of the present work. The discussion related to this is given by Saue and Visscher. 20 The importance of the VPA is also discussed in connection with the transition probabilities; the contribution of CSFs with negative-energy spinor is considered, since the transition probabilities become gauge-dependent unless these CSFs are incorporated. 21, 22 Contributions of the negativeenergy states for TEs of He-like ions have been discussed by several authors. 19, [23] [24] [25] We shall compare the present results with those of previous papers.
Section II sets out the method of calculation, including the basis set and the CI scheme. Section III discusses the characteristics of the diagonal terms of the Hamiltonian matrix, including the lowest diagonal term of the positive energies and the highest diagonal term of the negative energies, and also discusses the effect of removing the NVPA, considering partial electron correlations from sЈsЉ, pЈpЉ, dЈdЉ, and fЈfЉ shells. Section IV gives our conclusions.
II. METHOD OF CALCULATION
We use the Dirac-Coulomb Hamiltonian, where the uniform charge sphere model is used for the nucleus. Throughout the paper we adopt the atomic unit. We consider the correlation energies of the He-like ions up to Z = 116. An accurate basis set is needed to give the numerical Dirac-Fock ͑NDF͒ limit, since we consider the correlation energy defined by Eq. ͑2͒. Use of the individual basis sets for the individual atoms is tedious. Following previous work, 12 we therefore used a universal set composed of 80 primitive s-type pGTFs, with their exponents determined by a geometric sequence, It is desirable to use the same set as s for other symmetries. However, if we use 80 pGTFs for the respective subsymmetries of the p, d, and f spinors as for s, then the numbers of the pGTFs are 480, 800, and 1120 for the p, d, and f spinors ͑see Sec. III C͒. The same CI calculation as for the s spinors including all the pGTFs is huge. We select the pGTFs for the CI calculations according to the spinor coefficients of DFR. The number of selected pGTFs is 400-600. Although it is desirable to treat the CI space spanned by all the possible CSFs, the dimension of this CI space for VPA reaches about 4 ϫ 10 5 . We need more than the half of all the solutions, but to obtain O͑10 5 ͒ solutions for all the ions is unrealistic. We therefore assumed additivity of the correlation energies, and use the s 2 → iЈiЉ ͑iЈiЉ = sЈsЉ, pЈpЉ, dЈdЉ, and fЈfЉ͒ CIs to perform NVPA and VPA CIs, after making tests to verify the validity of this assumption.
III. CALCULATIONS AND RESULTS

A. DFR TEs and spinor energies
We first discuss the characteristic features of several diagonal elements of the CI Hamiltonian, typically DFR TEs of the lowest state of the positive energies and the highest negative energies. These features have not previously been treated clearly.
The TEs and the highest and lowest spinor energies in DFR are collected in Table I . We denote the spinor with the highest and lowest spinor energies in the positive-energy states as p80s and p1s, respectively, and the corresponding spinors in the negative-energy states as n80s and n1s. In respective ions, the absolute value of the highest positivespinor energy ͑p80s͒ and the lowest negative-spinor energy ͑n1s͒ are approximately equal. We recall the free electron Hamiltonian, giving the same two TEs except for the signs for the momentum p.
The ͑p80s͒ values are nearly equal for all the ions. We also find that the highest negative-spinor energy ͑p80s͒ value is approximately −2c 2 = −37 557.7 hartrees for all the ions. The TEs of the lowest state of the positive energies and the highest state of the negative energies in DFR are given by the sum of the kinetic energy ͗T͘, potential energy ͗V͘, and the mass correction ͗M͘, which are shown in Table II ,
For the lowest state in the positive-energy states, the virial theorem 30 shows that
The sum ͗T͘ + ͗V͘ would be zero if the nucleus were a point charge. We see from Table II that this relation holds for 2 He to 116 Uuh, and TE is close to ͗M͘. For the highest state in the negative-energy state the relation ͑6͒ also holds. Recall that the kinetic energy is negative in the negative-energy states, so that ͗T͘ and ͗V͘ are both close to zero. That ͗T͘Ϸ0 indicates that the highest spinor is almost wholly composed of small components, leading to TE Ϸ−4c 2 = −75 115.4 hartrees. The results in Table II support this claim. We also found that the electron-electron integrals ͗J p1s,n80s ͘ and ͗K p1s,n80s ͘ are less than 9 hartrees, and are small compared to c 2 , indicating that the spinor energy ͑n80s͒ = ͗T͘ /2+͗V n ͘ +2͗J p1s,n80s ͘ −2͗K p1s,n80s ͘ + ͗M͘ /2Ϸ −37 557.7 hartrees.
The Coulomb integral J p1s,p1s in the lowest positiveenergy states increases as Z increases, indicating that p1s contracts as Z increases, but J n80s,n80s in the highest negativeenergy states is always around zero, indicating that n80s spinors, which resemble each other, are very diffuse regardless of the nuclear charge. We may expect that any electronelectron repulsion terms including the highest negativeenergy spinor are very small compared to −2c 2 as shown above, indicating that for any atoms the highest spinor energy in the negative-energy states is around −2c 2 . Dyall 31 discussed the highest negative-energy spinors of Hg 78+ ϳ Hg 62+ in connection with the omission of the twoelectron integrals of the small component, where he gave that the 's are −37 581.3ϳ −37 575.6 hartrees and they are near to −2c 2 . Finally, using the results in Table I, 
B. Effect of removal of the no-virtual-pair approximation on p1s
2 \ sЈsЉ
We have performed two kinds of CI calculation, one of which includes CSFs spanned merely by both positiveenergy spinors ͑NVPA͒, the other of which includes CSFs spanned by positive-and negative-energy spinors ͑VPA͒. Brown and Ravenhall 13 pointed out that the instability could occur in many-electron systems if the negative-energy states are included. However, we found for p1s 2 → sЈsЉ CI that in almost all cases this inclusion causes no numerical problems.
We used 80 s-type primitive GTFs for the large component basis set, resulting in 80 p-type GTFs for the small component set. TEs, denoted by TE͑DFR͒, TE͑NVPA-CI: s͒, and TE͑VPA-CI: s͒, are shown in Table III , where s indicates that p1s 2 → sЈsЉ CIs are considered; among the 25 600 VPA-CI solutions the solutions with p1s 2 character are found between 14 237 and 14 303; we disregard the solutions including the negative-energy states ͑spinors͒. It is ordinary thought that the inclusion of the negative-energy states brings the very low TEs because of the Brown and Ravenhall diseases, but Table III shows that TE͑VPA-CI: s͒ is energetically higher than TE͑NVPA-CI: s͒. The CI effects, namely, orthogonalizations to the lower solutions, lead for TE͑VPA-CI: s͒ to be higher than TE͑NVPA-CI: s͒. This gives that the absolute values of the correlation energy by the former, the CE͑VPA: s͒, are smaller than those of the latter, the CE͑NVPA: s͒. Resulting CEs in Fig. 1 confirm this discussion. We also see that the CE͑NVPA: s͒ depends more strongly on Z for larger nuclei than the CE͑VPA: s͒. At Z = 116, the difference between the two CEs ͓hereafter ␦CE͑s͔͒ reaches 0.0096 hartrees, or 20% of the CE͑NVPA: s͒. Since the present basis set is almost complete, the results here give the limit of ␦CE͑s͒ with p1s 2 → sЈsЉ CIs. We strengthen here that, contrary to the common expectation, TE by VPA is always higher than that by NVPA. 
C. Effect of removal of the no-virtual-pair approximation on p1s
2 \ iЈi Љ
The effect of the removal of NVPA for heavier atoms is larger than expected. To show the effect of the higher angular momentum spinors, we discuss the results of VPA calculations using p, d, and f spinors together with s spinors in the present subsection. The correlation energy contributions were calculated under the assumption of additivity. The truncations of the basis set are also detailed in this subsection. Effects of the assumption of additivity and the truncations of the basis set are very small as shown below.
Let us discuss how to evaluate ␦CE͑i͒. Use of the full basis set is difficult because of the large number of spinors. Present CI program treats distinctively the two strings of subspecies from time reversal symmetry, and used only the CSFs with the total angular momentum= 0. If we use 80 pGTFs for the s, p, d, and f subsymmetries, the numbers of spinors for the respective subspecies are 160, 480, 800, and 1120. We therefore selected the pGTFs for the CI calculations. We used the DFR results; pGTFs having coefficient greater than 0.01 in DFR p1s were selected ͑the exponent parameters for these pGTFs are applied to p-, d-, and f-pGTFs for the correlation calculations͒. The numbers of the pGTFs for the respective symmetries are the same, and are 12-18 depending on the ions under consideration.
The total numbers of the selected pGTFs are 400-600 under the subsymmetries. It is preferable to treat the CI space spanned with all the possible CSFs, but the dimension of this CI space for the VPA reaches 4 ϫ 10 5 . The physically proper solutions are embedded in the virtual excited solutions in the VPA case, and we do not know where it is. Then to obtain physically proper solutions we need to solve all the solutions; thus the smaller CI matrices were required. We assume ͑1͒ additivity of the correlation energy, CE= CE͑s͒ +CE͑p͒ +CE͑d͒ +CE͑f͒, where CE͑i͒ is obtained from the CI including p1s
2 → iЈiЉ ͑iЈiЉ = sЈsЉ , ... , fЈfЉ͒ and ͑2͒ the additivity in ␦CE,
Then the CE͑VPA͒ is calculated as the sum of the CE͑NVPA͒ and ␦CE, CE͑VPA͒ Ϸ CE͑NVPA͒ + ␦CE. 0.003 019 hartrees. We can therefore safely use this ␦CE͑selected-CI: s͒ as ␦CE͑s͒. Figure 2 shows ␦CE͑s͒ calculated from selected-CI, increasing monotonically as the atomic number increases. This indicates that the VPA causes the absolute value of the correlation energy to be less than those of NVPA for heavier ions.
On ␦CE"p…
We have tested two kinds of CI calculations: one uses the configurations ͑sЈsЉ + pЈpЉ͒ and the other uses a single configuration for sЈsЉ, namely, two electrons in p1s plus pЈpЉ, abbreviated as ͑p1s 2 + pЈpЉ͒. Curves of ␦CE͑p͒ and ␦CEЈ͑p͒ versus nuclear charge are very similar. Since ␦CEЈ͑p͒ = ␦CE͑p͒, we could use ␦CEЈ͑p͒ instead of ␦CE͑p͒ to an accuracy of 0.0001 hartrees. Figure  2 shows ␦CE͑p͒ using p1s 2 + pЈpЉ. The ␦CE͑p͒ value is positive and larger than ␦CE͑s͒; VPA reduces the absolute value of CE considerably compared to ␦CE͑s͒. From the discussion on ␦CE͑p͒ and ␦CEЈ͑p͒, we expect ␦CEЈ͑i͒ = ␦CE͑i͒ with i ജ d and hereafter use ␦CEЈ͑i͒ instead of ␦CE͑i͒.
On ␦CE"d… and ␦CE"f…
We have evaluated ␦CE͑d͒ and ␦CE͑f͒ using the configurations ͑p1s 2 + dЈdЉ͒ and ͑p1s 2 + fЈfЉ͒. The resulting ␦CE͑d͒ and ␦CE͑f͒ are shown in Fig. 2 . They are positive, raising the CE͑VPA͒ relative to the CE͑NVPA͒. The CE calculated from Eq. ͑8͒, denoted by the CE͑VPA: spdf͒, is given in Table IV and in Fig. 3 together with values of the CE͑NVPA: spdf͒ and CE͑Hylleraas͒. We see that the VPA reduces the absolute value of the CE, and that the CE͑VPA: spdf͒ mimics CE͑Hylleraas͒.
The CE͑NVPA: spdf͒ exceeds CE͑Hylleraas͒ for ions ജ 38 Sr, as shown in Fig. 3 . The DF calculation with Hylleraas-type functions is not possible. We cannot therefore set the positive-energy Hylleraas-type CSFs apart from the negative-energy ones, a step which indicates that the Hylleraas-type CI includes contributions from the negativeenergy states. The agreement of CE͑Hylleraas͒ and the CE͑VPA: spdf͒ indicates that differences between CE͑Hylle-raas͒ and the CE͑NVPA: spdf͒ arise from implicit inclusion of the virtual-pair excitations in the Hylleraas-CI. Although the NVPA brings the greater changes, we emphasize that the sharp fall in the CEs for heavier ions are not an artifact but an essential effect of relativity.
We comment here on the small maximum in CE͑Hylle-raas͒ and the CE͑VPA: spdf͒ in Fig. 3 . We know that in DFR or NDF the electrons occupy the large and small components. By comparing this with the numbers in the nonrelativistic Hartree-Fock wave function, equal to 2, we infer that the electrons in the four component DF wave functions are polarized since the small components have a p character and are much more localized near the nucleus; we called this "relativistic precorrelation" in the previous work 32 where precorrelation was defined by Clementi for the nonrelativistic Hartree-Fock wave functions with parallel spins. 1 As discussed, 32 the electrons in the small component increase in number as the nuclear charge increases. Thus the relativistic polarization in DFR increases as the nuclear charge increases, reducing ͉CE͑rel͉͒. On the other hand, an increase in the nuclear charge causes the charge cloud to contract, leading to stronger electron-electron interaction and raising ͉CE͑rel͉͒. Two opposing trends give rise to the maximum in ͉CE͑rel͉͒ at 68 Er.
We now compare our results with previous ones. Using p1s 2 → sЈsЉ, Jáuregui et al. 25 discussed TE with the VPA for U +90 but did not give ␦CE͑s͒. Sapirstein et al. 19 gave ␦CE͑s͒, ␦CE͑p͒, and ␦CE͑d͒ for U +90 , which are 0.0034, 0.0055, and 0.0028 hartrees, compared to the present values of 0.0031, 0.0050, and 0.0026 hartrees. Using the S-matrix method, Lindgren et al. 24 evaluated the correction ␦CE͑S-matrix͒ arising from VPA for the He-like ions with Z We now see the dependence of CE on the nucleus model. We have calculated the approximate correlation energies for Hg 78+ , Th 88+ , Fm 98+ , and Ds 108+ with the uniform and point charge models under the additivity of CEs discussed in this subsection. The results are given in Table V . We see quite a similarity between the two CEs: we can use both models to discuss the correlation energies of the He isoelectronic sequence. Slight differences in CEs between Tables IV and V come from the fact that the former does not assume the additivity of CEs.
The present calculation shows the importance of taking account of the VPA in obtaining proper electronic correlations for inner shell electrons of systems including heavier atoms. It is necessary to take account of the VPA when considering electronic correlations between the inner shell and outer shell electrons of these systems so far as we consider the Dirac-Coulomb Hamiltonian.
IV. CONCLUSION
We have investigated correlation energies ͑CEs͒ in Helike ions with and without the virtual-pair approximation: the two CEs are denoted as the CE͑VPA͒ and the CE͑NVPA͒. Hereafter we denote the lowest state in the positive-energy state in DFR as p1s 2 . We performed a full CI calculation including only p1s 2 → sЈsЉ excitations, where the set used was a universal set and the large components were spanned with 80 primitive s-like Gaussian-type functions. We applied this to 2 He through 116 Uuh 114+ We found that CI with VPA does not cause Brown and Ravenhall diseases and moreover CI total energies for the positive-state with VPA are always higher than those with NVPA. Following this, we found that the CE͑VPA: s͒ is in the range from −0.014734 to − 0.040 274 hartrees, while that the CE͑NVPA: s͒ is from −0.014744 to − 0.049865 hartrees, where the CE͑VPA: s͒ denotes the correlation energy given by VPA CI with p1s 2 → sЈsЉ excitations; a similar notation is used for NVPA calculation. ͉CE͑VPA: s͉͒ is much smaller than ͉CE͑NVPA: s͉͒ for heavier atoms. The effect of the inclusion of the virtualpairs exceeds what we expected. We evaluated the correction ␦CE arising from the VPA, assuming that this is expressed as the sum of the partial correlation corrections from p1s 5, 6, 32 indicating that it is essential to consider excitations into negative-energy states, for systems including heavier ions under the Dirac-Coulomb Hamiltonian. It may be required to include the effects from the negative sea which is disregarded in the present work.
We finally comment that the sharp CE fall found firstly by Pestka and Karwowski for heavier He-like ions 5, 6 is not an artifact of the calculation but is an essential consequence of the relativity.
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